We consider a generalization of the constitutive equation for an incompressible second order fluid, by including thermal and viscoelastic effects in the expression for the stress tensor. The presence of the histories of the strain rate tensor and its gradient yields a non-simple material, for which the laws of thermodynamics assume a modified form. These laws are expressed in terms of the internal mechanical power which is evaluated, using the dynamical equation for the fluid. Generalized thermodynamic constraints on the constitutive equation are presented. The required properties of free energy functionals are discussed. In particular, it is shown that they differ from the standard Graffi conditions. Various free energy functionals, which are well-known in relation to simple materials, are generalized so that they apply to this fluid. In particular, expressions for the minimum free energy and a more recently 
Introduction
In this work we consider new constitutive equations for incompressible second order fluids, which include memory effects. These are materials for which the stress tensor is a function of the history of D and ∇ · ∇D, where D = ∇v+(∇v) T 2 is the strain rate tensor and v the velocity. It is the presence of the quantity ∇ · ∇D (= D, where is the Laplacian) which renders the material non-local or non-simple. The classical laws of thermodynamics must be modified for such materials either by introducing suitable extra fluxes, or directly, by expressing these laws in terms of internal powers, characteristic of the material under consideration [13] . For the first method, there is the problem that the vector fluxes are introduced a posteriori, in order that compatibility with the laws of thermodynamics is maintained. The second formulation, in terms of internal powers, is more general than the first, since it is defined a priori by means of the constitutive equations, taking into account the power balance laws. In this article we use the second method. The assumed constitutive equation includes thermal and viscoelastic effects in the expression for the stress tensor. We firstly discuss the laws of thermodynamics and use the equations of motion of the fluid to determine an expression for the internal mechanical power. Also, thermodynamic constraints on the constitutive equation are derived. Then, some free energy functionals are generalized to apply to this new material. This includes a functional of the minimal state introduced in [7, 10] and an explicit formula for the minimum free energy.
The layout of the paper is as follows. In Sect. 2, the constitutive equation with memory effects is presented and an expression for the internal mechanical power is derived. Moreover, the concepts of a free energy and of the corresponding internal dissipation rate are introduced. Thermodynamic constraints on the constitutive equation are also given. In Sect. 3, some free energies, already introduced for simple viscoelastic materials, are adapted to our non-simple fluid and their related internal dissipation rates are also deduced. The required properties of free energies in this new context are discussed.
Various steps in the derivations are omitted or abbreviated when they are closely analogous to developments in [3] (also [4] ) for non-simple heat conductors.
Basic equations
For an incompressible second order fluid without memory, the stress tensor T is given by [14] 
where p is the scalar function known as the reaction pressure, μ and κ are two positive constants, while I is the identity second order tensor. In this work we generalize (2.1), by assuming that the incompressible fluid, which is isotropic and homogeneous, exhibits both viscoelastic and thermal effects. The following constitutive equation is adopted:
where ϑ denotes the absolute temperature and ϑ 0 is a fixed ambient absolute temperature, while μ and κ are smooth functions which belong to
It is assumed that the motions are infinitesimal so that second order terms in v or D are neglected. We consider this relation at a specific point x ∈ Ω, which is the domain occupied by the fluid. For brevity, however, the space dependence of the fields is henceforth generally omitted. Let
be the infinitesimal strain tensor at time t , where u is the displacement vector. Then
be the infinitesimal strain history where
We define the relative history as
The dependence of the stress tensor on D t and ∇ · ∇D t in (2.2) can be expressed in terms of E t r (s) and ∇·∇E t r (s), since we have
and, analogously,
Thus, we can write (2.2) as follows: The extra stress tensor has the form
Thermodynamics
For a mechanical system, we have in general that
where T (t) is the kinetic energy, while P i m (t) and P e m (t) denote the internal and external mechanical power per unit volume of the system, respectively. In the case of a simple fluid, P i m (t) = T(t) · D(t). Equation (2.11) is an expression of the balance of power.
For non-simple materials the first law assumes the form
where e is the internal energy and h is the specific internal heat power, defined as the rate at which heat is absorbed per unit mass. The heat balance law
relates h to the heat supply r and the heat flux q. The Fourier relation,
will be adopted. The second law yields the existence of the entropy function η with the property that 15) whence it follows that
Introducing the free energy ψ = e − ϑη, we can write this aṡ
where (2.12) has been used. The equation of motion for the material has the form
where f denotes the body forces. In order to derive an expression for P i m , we multiply this relation by v to obtain
where, taking into account (2.9) and the incompressibility condition ∇ · v = 0,
(s) ds∇v(t) .
Therefore, the equation of power balance is given by
We deduce from (2.11) that the internal power is expressed by The last form follows from (2.4), (2.5) 1 , (2.7) and (2.8). The external power is given by the quantity at the right-hand side of (2.20), since the divergence term can be expressed as a surface contribution and the body force is clearly external.
To characterize the behaviour of our fluid, we introduce the state 22) and the process P T given by a piecewise continuous map defined as
where d, which generally has a finite value, denotes the duration of the process. More details on this abstract terminology, which is used below to a limited extent, may be found in [13] , for example. Now, we seek a free energy ψ having the form 
The final term on the right is non-negative. This inequality, taking account of (2.21), is satisfied if
The inequality (2.26) 2 is an expression of the second law for the mechanical aspect of the problem. Taking account of the incompressibility of the fluid, we can absorb the density into the kernels and write this relation aṡ
where
with the aid of (2.5)-(2.8) and a change of integration variables. This quantity, which is the internal mechanical power per unit mass, is analogous to what was termed the entropy action in [3] and generalizes the work function which is central to the discussion of simple materials. By introducing D 2 (x, t), a non-negative function referred to as the internal dissipation rate, we can transform the inequality (2.27) into an equalitẏ
(2.29)
The non-negativity of D 2 in (2.29) is in effect a statement of the second law for the mechanical aspect of the problem.
Recalling (2.6), we see that E t r (s) and ∇E t r (s) depend on the histories E t (s), ∇E t (s) and current values E(t) and ∇E(t). Thus,
which is a functional of the histories and a function of the current values. The quantity A(t) allows us to derive the total mechanical work per unit mass B(σ, P ) done on the material during the application of a process P of duration d, 
32) while P (τ ) = (Ė P (τ ), ∇Ė P (τ )).
Let us denote by Σ and Π the sets of states and processes, which are admissible for the body. For any initial state σ i ∈ Σ and any process P ∈ Π , the state transition function ρ provides the final state σ f =ρ(σ i , P ) ∈ Σ. Moreover, let P τ ∈ Π be any restriction of P to a sub-
A cycle is defined as any pair (σ, P ) for whichρ(σ, P ) = σ .
Dissipation principle. On any cycle (σ, P ) we have
in which the equality sign occurs if and only if the cycle is reversible. We define the total mechanical work per unit mass done on the material up to time t as 
(2.36)
Thermodynamic restrictions
The dissipation principle imposes thermodynamic restrictions on the constitutive equation (2.2) . This can be demonstrated by combining (2.28) 3 and (2.31) with periodic histories of period d = 2π/|ω|, forĖ and ∇Ė given bẏ E(s) = cos ωs c 1 + sin ωs c 2 ,
where ω ∈ R\{0} and c i , C i (i = 1, 2) are arbitrary non-zero second and third order tensors, respectively, depending only of x. Following the steps outlined in [3] , we deduce that
These in fact require the extra assumptions
be a constant (in time) history. Then (2.2) yields
(1)
whereT is the extra stress tensor for constant histories and
by virtue of (2.38) and (2.39).
Free energies
We now consider some possible expressions for the part of the free energy ψ 2 (t) = ψ 2 (E t r , ∇E t r ) introduced in (2.24). Our aim here is to adapt to non-simple fluids several classical functionals already introduced for simple linear viscoelastic solids and later modified to apply to simple fluids [1, 2] .
For a simple fluid, any free energy has the wellknown property that
whereT(t) is the extra stress defined by the first term on the right of (2.10). We will see that this does not hold for non-simple materials. Instead, a generalized version of this relation holds, which will be determined below. 
The Graffi-Volterra free energy
We firstly consider the important functional, frequently used in applications, known as the GraffiVolterra free energy [19, 20, 22] . A generalization of this functional to our non-simple fluid is given by
This is a free energy if the conditions
are satisfied. The first two relations yield that ψ G is positive, while the remaining relations are required to ensure a non-negative rate of dissipation related to this quantity. Indeed, differentiating ψ G and integrating by parts, we can show, with the aid of (2.28) 2 and (2.29) that
can be identified as the internal dissipation rate. Note that, by virtue of (2.6),
and (3.1) does not hold. Instead, we have
and the extra stress tensor (2.10) obeys the relatioñ
which is a variational derivative, in the sense of the Calculus of Variations, for a function of (E(t), ∇E(t)).
A relation exactly analogous to this form applies to all the free energy functionals considered in this work, and indeed to any free energy for any second order material.
Conditions for a free energy
We can generalize the Graffi conditions [11, 19, 20] for a free energy in the light of (3.7). The properties listed below will apply to all free energies for all second gradient materials, not just those discussed here.
P1
The first condition will be taken to be (3.7), replacing (3.1), or for a general free energy, 8) which is a variational derivative with respect to the dependence of ψ on the fields (E(t), ∇E(t)) at the current time. For linear constitutive relations such as (2.10), conditions analogous to (3.5) and (3.6) hold, which yield (3.8).
P2 Let E † be a static history equal to E(t) at the current and all past times. Then
where φ(E(t), ∇E(t)) is the equilibrium free energy. This is in fact a definition of φ, included here for completeness. It vanishes for the free energies relating to the material under discussion. P3 For any history and current value (E t , ∇E t , E(t), ∇E(t)), ψ E t , ∇E t , E(t), ∇E(t) ≥ φ E(t), ∇E(t) . (3.10) P4 Condition (2.29) holds or, omitting subscripts, (3.11) where D(t) is the rate of internal dissipation. The form of A(t) will depend on the material. The first relation is a statement of the first law, while the nonnegativity of D(t) is in effect the second law.
ψ(t) + D(t) = A(t), D(t)
≥ 0,
Dill's free energy
The Dill functional [9] can be generalized to the form because of the hypotheses (3.3). The functional ψ F is manifestly a functional of the minimal state. This is not a necessary requirement for a free energy (and in particular is not true for ψ G given by (3.2)) though it is an attractive property from a theoretical viewpoint. The Dill free energy and the minimum free energy, derived in the next section, both have this property.
The equivalent of (3.5) and (3.6) for ψ F can be obtained within the manipulations leading to (3.19) . These then imply that relation (3.8) holds.
